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ABELIAN CLASS GROUPS OF REDUCTIVE GROUP
SCHEMES
CRISTIAN D. GONZA´LEZ-AVILE´S
Abstract. We introduce the abelian class group Cab(G) of a reductive
group scheme G over a ring A of arithmetical interest and study some
of its basic properties. For example, we show that if the fraction field
of A is a global field without real primes, then there exists a surjection
C(G)։ Cab(G), where C(G) is the class set of G.
1. Introduction
Let K a global field, i.e., K is either a number field or a function field
in one variable over a finite field k. Let S be a nonempty open subscheme
of the spectrum of the ring of integers of K (in the number field case)
or a nonempty open affine subscheme of the unique smooth, projective and
irreducible curve over k whose function field is K (in the function field case).
For any nonempty open subscheme U of S, let U0 denote the set of closed
points of U . For each v ∈ S0, let Ov denote the completion of the local ring
of S at v and let Kv denote the fraction field of Ov. Let
AS(U) =
∏
v∈S0\U0
Kv ×
∏
v∈U0
Ov
be the ring of U -integral adeles of S. The rings AS(U) form an inductive
system when the sets U are ordered by reverse inclusion (i.e., U ≤ U ′ if,
and only if, U ⊃ U ′) and the ring of adeles of S is, by definition,
AS = lim−→
U
AS(U).
Now let G be an affine group scheme of finite type over S with smooth
generic fiber. Then the class set of G,
C(G) = G(AS(S)) \G(AS)/G(K),
encodes important arithmetic information about G. Unfortunately, the
above set is notoriously difficult to compute and, in general, carries no addi-
tional structure, which makes the tools of Algebra rather useless in its study.
It is perhaps for this reason that, at least in specific cases, researchers have
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sought to study certain abelian groups which in some sense “approximate”
C(G). A well-known instance of this approach can be found in the the-
ory of quadratic forms, where the genus class set of a quadratic form q
(or, equivalently, the class set of a natural integral model of its orthogonal
group) is studied via an “abelian group approximation”, namely the spinor
genus class group of q. In this paper we present the beginnings of a gen-
eral development of this idea. More precisely, we introduce the abelian class
group of a reductive S-group scheme G and study some of its main proper-
ties (see below for statements). Thus the theory developed here applies to
(connected) reductive algebraic groups over K which extend to a reductive
group scheme over S, i.e., which have good reduction over S. We work under
this restriction because the general case, where G is allowed to have “bad”
(non-reductive) fibers, requires a long series of preparations1 which will be
the subject of separate papers. In this sense, therefore, the present paper is
less general than the work of C.Demarche [Dem2], who considered arbitrary
flat integral models of finite type of a (connected) reductive algebraic group
GK over a number field K. See [Dem2], §4. However, in a different sense to
be explained below, the present paper is more general than [op.cit.]. Indeed,
the arguments of [op.cit.] are valid only under the hypothesis (H) that the
simply-connected central cover G˜K of GK satisfies the strong approximation
property with respect to the set Σ of primes of K which do not correspond
to a point of S0. Under hypothesis (H), the class sets of the models consid-
ered in [Dem2] are naturally equipped with the structure of (finite) abelian
groups, and Demarche is able to use the Brauer-Manin pairing to obtain
a duality theorem for these groups [Dem2], Theorem 4.1. We stress here
the evident fact that, since the Brauer group of a scheme is abelian, the
Brauer-Manin pairing can only “detect” abelian groups associated to G. In
this regard, we also note that (H) implies as well that the defect of strong
approximation for GK relative to Σ is naturally equipped with the struc-
ture of an abelian group, and [Dem2], Theorem 3.14, can be interpreted
as a duality statement for this group. In this paper we dispense with the
hypothesis (H) in the study of class sets of reductive group schemes over S
and, in particular, abandon the compact-noncompact-type dichotomy which
is familiar from the discussion of class sets contained in [PR], §§8.2 and 8.3.
We are thus able to handle both cases simultaneously (again, under a “good
reduction” hypothesis on GK). Note, further, that this paper also covers the
function field case.
We now state the main results of the paper.
Let G be a reductive group scheme over S, let Gder be the derived group
of G and set Gtor = G/Gder. Further, let G˜ be the simply-connected central
cover of Gder and let µ for the fundamental group of Gder, i.e., the kernel of
G˜ → Gder. Now let Sfl be the small fppf site over S and let H
i
ab(Sfl, G) be
1 Including the development of a homotopy theory for smooth (abelian) sheaves over
a discrete valuation ring and a theory of Ne´ron models of (2-term) complexes of tori.
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the abelian cohomology groups of G introduced in [GA3]. Restriction to the
generic fiber of G yields a map H1ab(Sfl, G) → H
1
ab(Kfl, G), and the abelian
class group of G is by definition
Cab(G) = Ker
[
H1ab(Sfl, G)→ H
1
ab(Kfl, G)
]
.
When K has no real primes and G˜K satisfies hypothesis (H), so that C(G)
has a natural abelian group structure as mentioned above, then there exists a
canonical isomorphism C(G) ≃ Cab(G) (see Remark 3.12(b))
2. Then results
from Section 3, which essentially follow from the main theorem of [GA3],
yield the following statement.
Theorem 1.1. (=Theorem 3.11) Assume that K has no real primes. Then
there exist a natural right action of H 0ab(Sfl, G) on H
1
(
S e´t, G˜
)
and a canon-
ical exact sequence of pointed sets
1→ H 1
(
Se´t, G˜
)
/H 0ab(Sfl, G)→ C(G)→ Cab(G)→ 1,
where the first nontrivial map is injective.
In Section 3 we also study some basic properties of Cab(G). In particu-
lar, using the flasque resolutions of G constructed in [GA4], we obtain the
following results.
Theorem 1.2. (=Theorem 3.13) Let G be a reductive group scheme over S
and let 1 → F → H → G → 1 be a flasque resolution of G. Set R = H tor.
Then the given resolution induces an exact sequence of finitely generated
abelian groups
µ(S) →֒ F (S)→ R(S)→ H0ab(Sfl, G)→ H
1(S e´t, F )→ C(R)→ Cab(G)→ 1.
Theorem 1.3. (=Corollary 3.14) Let L/K be a finite Galois extension and
let S ′ → S be the normalization of S in L. Let G be a reductive group
scheme over S and let 1 → F → H → G → 1 be a flasque resolution of G.
Then the given resolution defines a corestriction homomorphism
coresS′/S : Cab(S
′, G)→ Cab(S,G),
where Cab(S
′, G) (respectively, Cab(S,G)) is the abelian class group of G×S
S ′ (respectively, G).
The homomorphism of the theorem is independent, up to isomorphism, of
the chosen flasque resolution of G and is functorial in S ′ → S. See Remark
3.15. When K has no real primes and G˜K satisfies hypothesis (H), so that
C(G) ≃ Cab(G) as noted above, the preceding theorem shows that C(G) is
endowed with natural corestriction maps. When K is an arbitrary number
field and G˜K satisfies hypothesis (H), C.Demarche obtained in [Dem2], The-
orem 4.6, a similar corestriction homomorphism which presumably coincides
2When K is a number field with real primes, the relation between C(G) and Cab(G)
is more complicated. See Remark 3.12(c).
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with the above one when K is totally imaginary. The existence of such core-
striction maps (under hypothesis (H) and for any K) was first established
in [Th], Theorem 14, p.36.
In Sections 4 and 5 we use results of C.Demarche [Dem1] and M.Borovoi
and J.van Hamel [BvH] to obtain the following result. Set GK = G ×S
SpecK.
Theorem 1.4. (=Theorem 5.5) Assume that GK = G×S SpecK admits a
smooth K-compactification3. There exists a perfect pairing of finite groups
Cab(G) × Br
S
a,nr (GK )/B(GK )→ Q/Z ,
where BrSa,nr (GK ) and B(GK ) are the subgroups of the algebraic Brauer
group of GK given by (5.4) and (5.1), respectively.
When K is a totally imaginary number field and G˜K satisfies hypothesis
(H), the pairing of the theorem should be closely related to that obtained
by Demarche in [Dem2], Theorem 4.14. We hope to clarify this issue in a
future publication.
Acknowledgements
I thank Bas Edixhoven, Philippe Gille, Niko Naumann and Adrian Vasiu
for helpful comments.
2. Preliminaries
Let K and S be as in the Introduction. We will write Sfl (respectively,
S e´t, SNis) for the small fppf (respectively, e´tale, Nisnevich) site over S.
If τ = fl or e´t, G is an S-group scheme and i = 0 or 1, H i(Sτ , G) will
denote the i-th cohomology set of the sheaf on Sτ represented by G. If
G is commutative, these cohomology sets are in fact abelian groups and
are defined for every i ≥ 0. If S ′ → S is a morphism of schemes, we will
write H i(S ′fl, G) for H
i(S ′fl, G×S S
′). When G is smooth, the canonical map
H i(Se´t, G)→ H
i(Sfl, G) is bijective (see [Mi1], Remark III.4.8(a), p.123). In
this case, the preceding sets will be identified. If K is a field, we will write K
for a fixed separable algebraic closure of K, Γ for Gal(K/K) and H i(K,G)
for the Galois cohomology set (or group) H i
(
Γ,G
(
K
))
. If S = SpecK,
H i(Se´t, G) and H
i(K,G) will be identified.
An S-group scheme G is called reductive (respectively, semisimple) if it
is affine and smooth over S and its geometric fibers are connected reductive
(respectively, semisimple) algebraic groups. If G is a reductive S-group
scheme, G∗ = Hom S−gr(G,Gm,S) is the twisted-constant S-group scheme
of characters of G. The derived group of G (see [SGA3], XXII, Theorem
6.2.1(iv)), will be denoted by Gder. It is a normal semisimple subgroup
scheme of G and the quotient
Gtor := G/Gder
3This is certainly the case if K is a number field, by Hironaka’s theorem.
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is an S-torus (in [SGA3], XXII, 6.2, Gtor is denoted by corad(G) and called
the coradical of G). Note that, since Gder∗ = 0, the exact sequence of
reductive S-group schemes
(2.1) 1→ Gder → G→ Gtor → 1
induces the equality G∗ = Gtor∗.
A semisimple S-group scheme G is called simply-connected if it admits no
nontrivial central cover, i.e., any central S-isogeny G ′ → G from a semisim-
ple S-group scheme G ′ to G is an isomorphism. If G is any semisimple
S-group scheme, then there exists a simply-connected S-group scheme G˜
and a central isogeny ϕ : G˜ → G. The pair (G˜, ϕ) is unique up to unique
isomorphism and its formation commutes with arbitrary extensions of the
base. It is called the simply-connected central cover of G. The fundamental
group of G is by definition the kernel of ϕ and will be denoted by µ (or by
µG, if necessary). It is a finite S-group scheme of multiplicative type. Now,
if G is any reductive S-group scheme, G˜ will denote the simply-connected
central cover of its derived group Gder (which is semisimple). Further, the
fundamental group of G is by definition that of Gder and will be denoted by
µ (or by µG). There exists a canonical central extension
(2.2) 1→ µ→ G˜→ Gder → 1.
We will write ∂ : G˜→ G for the composition G˜։ Gder →֒ G. Clearly, there
exists a canonical exact sequence
(2.3) 1→ µ→ G˜
∂
→ G→ Gtor → 1.
Now there exists a canonical “conjugation” action of G on G˜ such that
(G˜
∂
→G), regarded as a two-term complex with G˜ and G placed in degrees
−1 and 0, respectively, is a (left) quasi-abelian crossed module on Sfl, in
the sense of [GA3], Definition 3.2. See [Br], Example 1.9, p.28, and [GA3],
Example 2.2(iii). Thus ∂ induces a homomorphism ∂Z : Z
(
G˜
)
→ Z(G) and
the embedding of crossed modules(
Z
(
G˜
) ∂Z−→Z(G)) →֒ (G˜ ∂−→G)
is a quasi-isomorphism (see [GA3], Proposition 3.4). In particular, (2.3)
induces an exact sequence of S-groups of multiplicative type
(2.4) 1→ µ→ Z
(
G˜
) ∂Z−→ Z(G)→ Gtor → 1.
Let i ≥ −1 be an integer. The i-th abelian (flat) cohomology group of G
is by definition the hypercohomology group
(2.5) H iab(Sfl, G) = H
i
(
Sfl, Z
(
G˜
) ∂Z−→Z(G)),
where Z(G) is placed in degree 0. We will also need the dual abelian coho-
mology groups of G. By definition, these are the groups
(2.6) H iab(S e´t, G
∗) = H i
(
S e´t, Z(G)
∗ ∂
∗
Z−→ Z
(
G˜
)∗)
,
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where Z(G)∗ is placed in degree −1. Note that, as the Cartier dual of an
S-group of multiplicative type is e´tale over S, the preceding groups coin-
cide with the flat hypercohomology groups H i
(
Sfl, Z(G)
∗ → Z
(
G˜
)∗)
. If
S = SpecK, where K is a field, we will write H iab(K,G
∗) for H iab(S e´t, G
∗).
Clearly,
H iab(K,G
∗) = H i
(
Γ,Z
(
G
(
K
))∗
→ Z
(
G˜
(
K
))∗)
(Galois hypercohomology). Now, by (2.4), there exist exact sequences
(2.7)
. . .→ H i−1(S e´t, G
tor )→ H i+1(Sfl, µ)→ H
i
ab(Sfl, G)→ H
i(S e´t, G
tor )→ . . . .
and
(2.8)
. . .→ H i−1(S e´t, µ
∗ )→ H i+1(S e´t, G
tor∗ )→ H iab(S e´t, G
∗)→ H i(S e´t, µ
∗ )→ . . . .
Examples 2.1.
(a) If G is semisimple, i.e., Gtor = 0, then H iab(Sfl, G) = H
i+1(Sfl, µ)
and H iab(S e´t, G
∗) = H i(S e´t, µ
∗).
(b) If G has trivial fundamental group, i.e., µ = 0, then H iab(Sfl, G) =
H i(S e´t, G
tor ) and H iab(S e´t, G
∗) = H i+1(S e´t, G
tor∗ ).
By [GA3], there exist canonical abelianization maps
(2.9) abi = abiG/S : H
i(Sfl, G)→ H
i
ab(Sfl, G)
so that the following holds.
Theorem 2.2. Let G be a reductive group scheme over S.
(i) There exists an exact sequence of pointed sets
1 −→ µ(S)→ G˜(S)→ G(S)
ab0
−→ H 0ab(Sfl, G)
δ0−→ H1
(
Sfl, G˜
)
∂ (1)
−→ H1(Sfl, G)
ab1
−→ H 1ab(Sfl, G)→ 1.
(ii) The group H 0ab(Sfl, G) acts on the right on the set H
1
(
Sfl, G˜
)
com-
patibly with the map δ0 and the preceding exact sequence induces an
exact sequence of pointed sets
1→ H1
(
Sfl, G˜
)
/H 0ab(Sfl, G)
∂¯ (1)
−→ H1(Sfl, G)
ab1
−→ H 1ab(Sfl, G)→ 1,
where the map ∂¯ (1), induced by ∂ (1), is injective.
Proof. By [GA3], Example 5.4(iii), S is a scheme of Douai type, i.e., every
class of the Giraud cohomology set H2
(
Sfl, G˜
)
is neutral. Thus the theorem
follows from [GA3], Theorem 5.1, Theorem 5.5 and Proposition 3.14(b). The
action mentioned in (ii) is defined in [op.cit.], Remark 3.9(b). 
Remark 2.3. The exact sequence in part (ii) of the theorem is compatible
with inverse images, i.e., if S ′ → S is a morphism of schemes of Douai type,
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then the following diagram commutes
1→ H 1
(
S e´t, G˜
)
/H 0ab(Sfl, G)
//

H 1(S e´t, G) //

H 1ab(Sfl, G)

// 1
1→ H 1
(
S ′e´t, G˜
)
/H 0ab(S
′
fl, G)
// H 1(S ′e´t, G)
// H 1ab(S
′
fl, G)
// 1.
This follows from [GA3], Remark 4.3, and the fact that the action ofH 0ab(Sfl, G)
on H 1
(
S e´t, G˜
)
is compatible with inverse images (see [op.cit.], Remark
3.9(b)).
We will write S0 for the set of closed points of S and Σ for the set of primes
of K which do not correspond to a point of S0. Thus Σ is nonempty and
contains all archimedean primes ofK in the number field case. For any prime
v of K, Kv will denote the completion of K at v. If v ∈ S0, we will write Ov
for the ring of integers of Kv and k(v) for the corresponding residue field.
Note that, since k(v) is finite, every k(v)-torus is cohomologically trivial by
[Se], Propositions 5(iii) and 6(b), pp. II-7-8. If v is a real prime of K, i is any
integer and C is a cohomologically bounded complex of abelian sheaves on
(SpecKv)fl, H
i
(
Kv,fl, C) will denote the modified (Tate) i-th hypercomology
group of C defined in [HS], p.103. In particular, the groups H iab(Kv,fl, G) =
H i
(
Kv , Z
(
G˜
)
→ Z(G)) coincide with the groups denoted H iab(Kv , G) in
[Bor].
3. The abelian class group
Let K and S be as in the Introduction. Let G be a (connected) reductive
algebraic group over K and let T be a K-torus. Set
X
1(K,G) = Ker
[
H1(K,G) →
∏
all v
H1(Kv, G)
]
,
X
2(K,T ) = Ker
[
H 2(K,T )→
∏
all v
H 2(Kv , T )
]
and
(3.1) X1ab(K,G) = Ker
[
H1ab(Kfl, G)→
∏
all v
H1ab(Kv,fl, G)
]
.
Proposition 3.1. Let G be a (connected) reductive algebraic group over K.
Let 1 → F → H → G → 1 be a flasque resolution of G. Then the given
resolution defines an isomorphism
X
1
ab(K,G) ≃ X
2(K,F ).
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Proof. Since X2(L,Gm) = 0 for every finite separable extension L of K,
X
2(K,R) = 0. The result is now immediate from [GA4], Proposition 4.5.

Remark 3.2. By [GA3], Corollary 5.10, there exists a bijection X1(K,G) ≃
X
1
ab(K,G). Thus the proposition yields a bijection X
1(K,G) ≃ X2(K,F )
which extends to an arbitrary global field K the bijection of [CT], Theo-
rem 9.4(ii). Now, if G is semisimple, then [GA4], (3.4) (with Gtor = 0),
yields an isomorphism X2(K,µ) ≃ X2(K,F ). Thus there exists a bijec-
tion X1(K,G) ≃ X2(K,µ) which extends to the function field case the
bijection of [San], Corollary 4.4.
Now let
(3.2) X1S(K,G) = Ker
H 1(K,G) → ∏
v∈S0
H 1
(
Kv, G
)
and
(3.3) X1ab,S (K,G) = Ker
H1ab(Kfl, G)→ ∏
v∈S0
H1ab
(
Kv,fl, G
) .
The latter group is torsion since, by (2.7), H1ab(Kfl, G) is a torsion group.
Lemma 3.3. The abelianization map ab1G/K : H
1(K,G) → H1ab(Kfl, G) in-
duces a surjection
X
1
S(K,G) ։X
1
ab,S (K,G).
Proof. This follows from the commutative diagram
H1(K,G)
ab1G/K
// //

H1ab(Kfl, G)
∏
v∈S0
H1(Kv, G)
∼
//
∏
v∈S0
H1ab(Kv,fl, G),
whose top map is surjective by [GA3], Theorem 5.5(i), and bottom map is
bijective by [op.cit.], Theorem 5.8(i) and Remark 5.9(a). 
Now let G be any affine S-group scheme of finite type with smooth generic
fiber. Let AS (respectively, AS(S)) denote the ring of adeles (respectively,
integral adeles) of S and let
C(G) = G(AS(S)) \G(AS)/G(K)
be the class set of G. Since G is generically smooth, Ye.Nisnevich has
shown that there exists a canonical bijection C(G) ≃ H1(SNis, u∗G), where
u : S e´t → SNis is the canonical morphism of sites. See [GA2], Theorem 3.5.
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Theorem 3.4. (Ye.Nisnevich) Let G be an affine group scheme of finite
type over S with smooth generic fiber. Assume that H 1(Ov,e´t, G) is trivial
for every v ∈ S0. Then there exists an exact sequence of pointed sets
1→ C(G)
ϕ
−→ H 1(S e´t, G)→ X
1
S(K,G) → 1,
where the map ϕ is injective and X1S(K,G) is the set (3.2).
Proof. This follows from [Gi], Proposition V.3.1.3, p.323, using the bijection
C(G) ≃ H1(SNis, u∗G) recalled above and [Nis], Proposition 1.37, p.282. 
Remark 3.5. The fibers of the map λ : H 1(S e´t, G) → X
1
S(K,G) appearing
above may be computed as follows (see [Gi], Corollary V.3.1.4, p.324): let
p ∈ H 1(S e´t, G), choose a G-torsor P representing p and let
PG be the twist
of G by P (see [Gi], Proposition III.2.3.7, p.146). Let θP : H
1(S e´t, G)
∼
→
H 1(S e´t,
PG) be the bijection defined in [op.cit.], Remark III.2.6.3, p.154.
Then θ−1P ◦
Pϕ induces a bijection
C
(
PG
) ∼
→ {p ′ ∈ H 1(S e´t, G) : λ
(
p ′
)
= λ(p)}.
Corollary 3.6. Let G be a reductive group scheme over S. Then there exists
an exact sequence of pointed sets
1→ C(G)→ H 1(S e´t, G)→ X
1
S(K,G) → 1.
Proof. By the theorem, we only need to check that H 1(Ov,e´t, G) is trivial
for every v ∈ S0. By [SGA3], XXIV, Proposition 8.1, there exists a canon-
ical bijection H1(Ov,e´t, G) ≃ H
1(k(v), G). Now, since G ×S Spec k(v) is a
connected algebraic group over the finite field k(v), the set H1(k(v), G) is
trivial by Lang’s theorem [La], Theorem 2, p.557. 
Corollary 3.7. Let G be a semisimple and simply-connected group scheme
over S.
(i) There exists an exact sequence of pointed sets
1→ C(G)→ H 1(S e´t, G)→ H
1(K,G) → 1.
(ii) The canonical localization map H 1(K,G) →
∏
v realH
1(Kv, G) is
bijective.
Proof. Since H 1(Kv, G) is trivial for every nonarchimedean prime v of K
(see [PR], Theorem 6.4, and [BT], Theorem 4.7(ii)), we have X1S(K,G) =
H1(K,G). Thus assertion (i) is immediate from the previous corollary. As-
sertion (ii) is well-known (see [PR], Theorem 6.6, p.286, and [Har], Theorem
A, p.125). 
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Henceforth, G will denote a reductive group scheme over S. By [GA3],
Remark 4.3, there exists a commutative diagram
H1(S e´t, G) // //
ab1G/S


X
1
S(K,G)

H1ab(Sfl, G)
// H1ab(Kfl, G),
where the top arrow is surjective by Corollary 3.6, the left-hand vertical
map is surjective by [GA3], Proposition 5.5(i), and the right-hand vertical
map (which is the restriction of ab1G/K to X
1
S(K,G)) maps X
1
S(K,G) onto
X
1
ab,S (K,G) by Lemma 3.3. We conclude that the bottom map in the
above diagram induces a surjection H1ab(Sfl, G)։X
1
ab,S (K,G).
Definition 3.8. Let G be a reductive group scheme over S. The abelian
class group of G is the group
Cab(G) = Ker
[
H1ab(Sfl, G)→ X
1
ab,S (K,G)
]
.
Thus, there exists an exact sequence
(3.4) 1→ Cab(G)→ H
1
ab(Sfl, G)→ X
1
ab,S (K,G) → 1.
Examples 3.9.
(a) If G is semisimple with fundamental group µ then, by Example
2.1(a), H1ab(Sfl, G) = H
2(Sfl, µ) and X
1
ab,S (K,G) = X
2
S(K,µ),
where
X
2
S(K,µ) = Ker
H2(Kfl, µ)→ ∏
v∈S0
H2(Kv,fl, µ)
 .
Thus there exists an exact sequence of abelian groups
1→ Cab(G)→ H
2(Sfl, µ)→ X
2
S(K,µ)→ 1.
Note that Cab(G) is annihilated by the exponent of µ. When n ≥ 2 is
an integer and µ = µn,S is the group scheme of n-th roots of unity on
S, Cab(G) can be computed explicitly. Indeed, taking cohomology
of the exact sequence of fppf sheaves 1→ µn → Gm
n
→ Gm → 1 over
S and over K, we obtain an exact commutative diagram
1 // Pic(S)/n //

H 2(Sfl, µn) //

Br(S)n //

1
1 // 1 // H 2(Kfl, µn)
∼
// Br(K)n // 1.
The right-hand vertical map in the above diagram is injective by
[ADT], proof of Proposition II.2.1, p.164, line -10, whence there
exists a canonical isomorphism
Cab(G) = Ker [H
2(Sfl, µn)→ H
2(Kfl, µn)] ≃ Pic(S)/n.
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(b) IfG has trivial fundamental group, thenH1ab(Sfl, G) = H
1(S e´t, G
tor )
and X1ab,S(K,G) = X
1
S(K,G
tor) by Example 2.1(b). Thus, by
Corollary 3.6, Cab(G) = C(G
tor). The latter group is the Ne´ron-
Raynaud Σ-class group of the K-torus GtorK introduced in [GA2],
where Σ is the set of primes of K which do not correspond to a
point of S. To check this, we only need to show that the S-torus
Gtor is the identity component of the Ne´ron-Raynaud model N of
GtorK over S. There exists a unique S-morphism i : G
tor → N which
extends the identity morphism on GtorK (see [BLR], §10.1, p.289). By
[SGA3], VIB, Lemma 3.10.1, we only need to check that i is an open
immersion. Let S ′ → S be a connected finite e´tale cover of S with
function field L such that Gtor ×S S
′ ≃ Grm,S ′ . Then G
tor ×S S
′ →
N ×SS
′ is the embedding of Grm,S ′ into N ×SS
′, which is the Ne´ron-
Raynaud model of GK ×SpecK SpecL ≃ G
r
m,L over S
′ (see [BLR],
§7.2, Theorem 1(iii), p.176). Thus i×S S
′ : Gtor ×S S
′ → N ×S S
′
is an open immersion and hence so is i 4.
Consider the exact commutative diagrams
(3.5) 1 // C(G) // H 1(S e´t, G) // //

X
1
S(K,G)
∏
v∈Σ
H1(Kv, G)
∏
v∈Σ
H1(Kv , G)
and
(3.6) 1 // Cab(G) // H
1
ab(Sfl, G)
// //

X
1
ab,S(K,G)
∏
v∈Σ
H1ab(Kv, G)
∏
v∈Σ
H1ab(Kv , G)
whose top rows are given by Corollary 3.6 and (3.4), respectively. The
middle vertical maps in the above diagrams are induced by the compositions
SpecKv → SpecK → S for v ∈ Σ. Then (3.5) and (3.6) induce exact
sequences of pointed sets
(3.7) 1→ C(G)→ D1(S,G)→ X1(K,G) → 1
and
(3.8) 1→ Cab(G)→ D
1
ab(S,G)→ X
1
ab(K,G) → 1,
4I thank B.Edixhoven for sending me this proof.
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where
D1(S,G) = Ker
[
H 1(S e´t, G)→
∏
v∈Σ
H1(Kv, G)
]
and
(3.9) D1ab(S,G) = Ker
[
H 1ab(Sfl, G)→
∏
v∈Σ
H1ab(Kv,fl, G)
]
.
Clearly, the restriction of ab1G/S : H
1(S e´t, G) → H
1
ab(Sfl, G) to D
1(S,G)
defines a map D1(S,G) → D1ab(S,G). Further, there exists an exact com-
mutative diagram
1 // C(G) // D1(S,G) //

X
1(K,G) //
≃

1
1 // Cab(G) // D
1
ab(S,G)
//X1ab(K,G)
// 1,
where the right-hand vertical map is induced by ab1G/K . That the latter
map is bijective is [GA3], Corollary 5.10. We may now define a map
(3.10) C(G)→ Cab(G)
to be that induced by the composition C(G) → D1(S,G) → D1ab(S,G).
Note that (3.10) is surjective if, and only if, Cab(G) ⊂ ab
1
G/S(D
1(S,G)).
Now let C
(
G˜
)′
denote the kernel of the composition
(3.11) H 1
(
S e´t, G˜
) λ˜
։ H 1
(
K, G˜
) π
−→ H 1
(
K, G˜
)
/H 0ab(Kfl, G),
where λ˜ is induced by SpecK → S and π is the canonical projection. If
δ0 : H
0
ab(Kfl, G)→ H
1
(
K, G˜
)
is the map appearing in Theorem 2.2(i), then
Kerπ = Imδ0. On the other hand, by Corollary 3.7(i), Ker λ˜ is in bijection
with C
(
G˜
)
. Thus, by the surjectivity of λ˜, the pair of maps (3.11) induces
an exact sequence of pointed sets
1→ C
(
G˜
)
→ C
(
G˜
)′
→ Imδ0 → 1,
where the first nontrivial map is injective. Note that, by Corollary 3.7(ii),
Imδ0 is in bijection with a subset of
∏
v realH
1(Kv , G).
Proposition 3.10. There exists an exact sequence of pointed sets
1→ µ(S)→ G˜(S)→ G(S)→ H 0ab(Sfl, G)→ C
(
G˜
)′
→ C(G)→ Cab(G),
where C
(
G˜
)′
is the kernel of the composition (3.11).
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Proof. This follows from the bijection C(G) ≃ Ker [H 1(S e´t, G)→ H
1(K,G)]
of Theorem 3.4 and the exact commutative diagram
. . . // H 0ab(Sfl, G)
//

H 1
(
S e´t, G˜
)
//
π◦ λ˜

H 1(S e´t, G) //

H 1ab(Sfl, G)

1 // H 1
(
K, G˜
)
/H 0ab(Kfl, G)
// H 1(K,G) // H 1ab(Kfl, G),
whose top and bottom rows are given by Theorem 2.2(i) and (ii), respec-
tively. For the commutativity of the above diagram, see Remark 2.3. 
Theorem 3.11. Assume that K has no real primes. Then there exists an
exact sequence of pointed sets
1→ H 1
(
S e´t, G˜
)
/H 0ab(Sfl, G)→ C(G)→ Cab(G)→ 1,
where the first nontrivial map is injective.
Proof. By [GA3], Theorem 5.8(i) and Remark 5.9(a), the abelianization map
ab1G/K : H
1(K,G) → H 1ab(Kfl, G) is bijective. The theorem is now immedi-
ate from the exact commutative diagram
1 // H 1
(
S e´t, G˜
)
/H 0ab(Sfl, G)

// H 1(S e´t, G) // //

H 1ab(Sfl, G)

1 // H 1(K,G)
∼
// H 1ab(Kfl, G),
whose top row is given by Theorem 2.2(ii). 
Remarks 3.12.
(a) The maps appearing in the exact sequences of Proposition 3.10 and
Theorem 3.11 are induced by the corresponding maps appearing in
the exact sequence of Theorem 2.2(i), all of which are explicitly
described in [GA3].
(b) Assume that K has no real primes and that G˜K has the strong
approximation property with respect to Σ (see [PR], §7.1). Then
the set H 1
(
S e´t, G˜
)
≃ C
(
G˜
)
(see Corollary 3.7) is trivial and C(G)
is known to have a natural structure of abelian group (see, e.g.,
[Th], Proposition 13, p.32). This group, which was denoted Gcl(G)
in [PR], §8, has been studied in [PR], §8.2, [Th], §§4.4 4.5, and
[Dem2], §4. Now the theorem and a twisting argument (see [GA3],
Corollary 3.15) show that there exists an isomorphism of abelian
groups Gcl(G) ≃ Cab(G). In particular, by Corollary 3.14 below,
Gcl(G) is endowed with natural corestriction homomorphisms. For
the case of number fields with real primes, see [Dem2], Theorem 4.6.
(c) In general, the map C(G) → Cab(G) is not surjective. More pre-
cisely, let c be a class in Cab(G) ⊂ H
1
ab(Sfl, G) and consider the
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exact commutative diagram
H 1
(
S e´t, G˜
) ∂(1)
//
λ˜


H 1(S e´t, G) //
λ

H 1ab(Sfl, G)

// 1
H 1
(
K, G˜
) ∂(1)K
// H 1(K,G) // H 1ab(Kfl, G)
// 1,
whose left-hand vertical map is surjective by Corollary 3.7(i). Let c ′
be a preimage of c inH 1(S e´t, G). Since cmaps to zero inH
1
ab(Kfl, G),
λ(c ′) = ∂
(1)
K (x
′) for some x ′ ∈ H 1
(
K, G˜
)
. Let p ′ ∈ H 1
(
S e´t, G˜
)
be
such that λ˜(p ′) = x ′ and let p = ∂ (1)(p ′). Choose a G˜-torsor P ′ rep-
resenting p ′ and let P = P ′∧G˜ G, which is a G-torsor representing
p. Since λ(c ′) = λ(p), Remark 3.5 shows that c ′ = (θ−1P ◦
Pϕ)(c ′′) for
some class c ′′ ∈ C(PG). Now, by [GA3], Lemma 3.13, we have(
Pab1G/S ◦
Pϕ
)
(c ′′) =
(
Pab1G/S ◦ θP
)
(c ′) = ab1G/S(c
′) = c.
Thus, the following holds. Let S be a complete set of representatives
for the classes in H 1
(
K, G˜
)
≃
∏
v realH
1
(
Kv, G˜
)
. For each G˜K -
torsor x ∈ S , choose an extension of x to a G˜-torsor X and let
xG denote the (X∧G˜G)-twist of G. Then there exists a surjection∐
x∈S C(
xG) ։ Cab(G). Consequently, since each set C(
xG) is in
bijection with C(G), we conclude that there exists a surjection∐
x∈S
C(G)։ Cab(G).
In particular, | Cab(G) | is a lower bound for
∏
v real#H
1
(
Kv, G˜
)
·
#C(G).
(d) As mentioned in Remark 2.3, the right action of H 0ab(Sfl, G) on
H 1
(
S e´t, G˜
)
is compatible with inverse images. Thus, via the bi-
jection C
(
G˜
)
≃ Ker [H 1
(
S e´t, G˜
)
→ H 1
(
K, G˜
)
] of Theorem 3.4, it
induces a right action of the abelian group5
C 0ab(G) = Ker
[
H0ab(Sfl, G)→ H
0
ab (Kfl, G)
]
≃ Ker
[
H1(Sfl, µ)→ H
1(Kfl, µ)
]
on the set C
(
G˜
)
. Using [GA3], Proposition 3.14(a), it can be shown
that the stabilizer in C 0ab(G) of a class p ∈ C
(
G˜
)
represented by a
G˜-torsor P is
Qab0G/S
(
QG(S) ∩ Q∂
(
QG˜
(
K
)))
⊂ C 0ab(G),
where Q = P ∧G˜G, Q∂ is the Q-twist of ∂ : G˜ → G and the in-
tersection takes place inside QG(K). In the interesting particular
case where µ = µn,S is the group scheme of n-th roots of unity on S
5The isomorphism follows from (2.7).
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(n ≥ 2), the cohomological argument given in Example 3.9(a) yields
an injection C 0ab(G) →֒ Pic(S)n.
In the remainder of this Section we establish some basic properties of
Cab(G) using flasque resolutions of G. Recall that a flasque resolution of
G is an exact sequence 1 → F → H → G → 1, where F is a flasque S-
torus, R = H tor is a quasi-trivial S-torus and H der is a semisimple and
simply-connected S-group scheme. See [GA4] for more details.
For any torus T over S, set
D2(S, T ) = Ker
[
H 2(S e´t, T )→
∏
v∈Σ
H2(Kv , T )
]
,
where the map involved is induced by the compositions SpecKv → SpecK →
S for v ∈ Σ. If v ∈ S0, the preceding composition coincides with the com-
position SpecKv → SpecOv → S. Since H
2(Ov, e´t, T ) = H
2(k(v), T ) = 0
by [Mi1], III.3.11(a), p.116 (recall that k(v)-tori are cohomologically triv-
ial), we conclude that the map H 2(S e´t, T ) → H
2(K,T ) induces a map
D2(S, T )→ X2(K,T ).
Theorem 3.13. Let G be a reductive group scheme over S and let 1 →
F → H → G → 1 be a flasque resolution of G. Set R = H tor. Then the
given resolution induces an exact sequence of abelian groups
µ(S) →֒ F (S)→ R(S)→ H0ab(Sfl, G)→ H
1(S e´t, F )→ C(R)→ Cab(G)→ 1.
Proof. Since R is quasi-trivial, Theorem 3.4 and Hilbert’s Theorem 90 show
that C(R) = H1(S e´t, R). Thus, since H
−1
ab (Sfl, G) = µ(S) by [GA3], (2.1),
the sequence of the theorem is exact up to the term H1(S e´t, F ) by [GA4],
Proposition 4.2. Thus, it remains only to check the exactness of the sequence
H1(S e´t, F ) → C(R) → Cab(G) → 1. By [GA4], Propositions 4.2 and 4.5,
there exists an exact commutative diagram
. . . // C(R) // H 1ab(Sfl, G)
//

H 2(S e´t, F ) //

H 2(S e´t, R)
∏
v∈Σ
H 1ab(Kv , G)
  //
∏
v∈Σ
H 2(Kv, F ) //
∏
v∈Σ
H 2(Kv, R).
The right-hand vertical map in the above diagram is injective by [ADT],
Proposition II.2.1, p.163. Thus the preceding diagram yields an exact se-
quence
H1(S e´t, F )→ C(R)→ D
1
ab(S,G)→ D
2(S,F )→ 1.
Now, since F is flasque, the map H 2(S e´t, F ) → H
2(K,F ) is injective (see
[CTS2], Theorem 2.2(ii), p.161), whence D2(S,F )→ X2(K,F ) is injective
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as well. The theorem now follows from the diagram
H1(S e´t, F ) // C(R) // D
1
ab(S,G)
//

D2(S,F )
 _

// 1
X
1
ab(K,G)
≃
//X2(K,F ),
where the bottom map is an isomorphism by Proposition 3.1. 
Corollary 3.14. Let L/K be a finite Galois extension and let S ′ → S be
the normalization of S in L. Let G be a reductive group scheme over S and
let 1 → F → H → G → 1 be a flasque resolution of G. Then the given
resolution defines a corestriction homomorphism
coresS′/S : Cab(S
′, G)→ Cab(S,G),
where Cab(S
′, G) (respectively, Cab(S,G)) is the abelian class group of G×S
S ′ (respectively, G).
Proof. Let R = H tor and recall that C(S,R) = H1(S e´t, R) (and similarly
for R×S S
′ ). There exists a canonical corestriction homomorphism
coresS′/S : H
1(S ′e´t, F )→ H
1(S e´t, F ),
namely the composite
H i(S ′e´t, F )
∼
→ H i
(
S e´t, RS′/S
(
F ×S S
′
))
→ H i(S e´t, F ),
where the second map is induced by the trace morphism RS′/S
(
F ×S S
′
)
→
F of [SGA4], XVII, 6.3.13.2. See [CTS2], (0.4.1), p.154. Similarly, there
exists a corestriction homomorphism coresS′/S : C(S
′, R) → C(S,R). Now,
by [CTS2], Proposition 1.4, p.158, 1→ F×SS
′ → H×SS
′ → G×SS
′ → 1 is
a flasque resolution of G×S S
′, and the theorem yields an exact commutative
diagram
H1(S ′e´t, F )
//
coresS′/S

C(S ′, R)
coresS ′/S

// Cab(S
′, G) //

✤
✤
✤
1
H1(S e´t, F ) // C(S,R) // Cab(S,G) // 1.
This establishes the existence of the right-hand vertical map in the above
diagram, which is the assertion of the corollary. 
Remark 3.15. The map of the corollary is independent, up to isomorphism,
of the chosen flasque resolution of G, i.e., if 1 → F1 → H1 → G → 1
is another flasque resolution of G and coresS′/S,1 : Cab(S
′, G) → Cab(S,G)
is the corestriction map that it defines, then [GA4], Proposition 3.7(iii),
shows that there exist automorphisms σ ′ of Cab(S
′, G), σ of Cab(S,G) and
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a commutative diagram
Cab(S
′, G)
coresS′/S

σ ′
// Cab(S
′, G)
coresS′/S,1

Cab(S,G)
σ
// Cab(S,G).
Further, coresS′/S is functorial in S
′ → S. This follows from the functoriality
of the corestriction homomorphisms in the case of tori mentioned above.
Recall that a flasque S-torus F is called invertible if it is a direct factor
of a quasi-trivial S-torus.
Corollary 3.16. Assume that G admits an invertible resolution, i.e., there
exists a flasque resolution 1 → F → H → G → 1 with F invertible 6. Then
the given resolution induces an exact sequence of abelian groups
1→ µ(S)→ F (S)→ R(S)→ H0ab(Sfl, G)→ C(F )→ C(R)→ Cab(G)→ 1,
where R = H tor.
Proof. Since F is invertible, H1(K,F ) = 0 by Hilbert’s Theorem 90. Thus
H1(S e´t, F ) = C(F ) by Theorem 3.4 and the corollary is now immediate
from the theorem. 
Remark 3.17. The corollary extends the “good reduction” case of [GA2],
Theorem 6.1, from K-tori to arbitrary connected reductive K-groups. In-
deed, let T be a K-torus with multiplicative reduction over S which admits
an invertible resolution 1 → F → R → T → 1, i.e., F is invertible and R
is quasi-trivial (this is the case, for example, if T is split by a metacyclic
extension of K, by [CTS1], Proposition 2, p.184). Let j : SpecK → S be
the canonical morphism. Since R1j∗F = 0 for the smooth topology on S
(see [GA2], Lemma 4.8(b)), the given resolution induces an exact sequence
1 → F
ι
→ R → T → 1 of Ne´ron-Raynaud models over S. The latter se-
quence induces, in turn, an exact sequence 1→ ι−1(F ◦)→ R ◦ → T ◦ → 1,
where T ◦ (respectively, R ◦,F ◦) denotes the identity component of T (re-
spectively, R,F ). Further, ι−1(F ◦)/F ◦ ≃ Ker [Φ(F ) → Φ(R )], where
Φ(F ) = F/F ◦ and Φ(R ) = R/R ◦. See [B], Theorems 2.2.4 and 2.3.1,
pp.49-50. On the other hand, by [B], Theorem 2.3.4, p.52, Ker [Φ(F ) →
Φ(R )] ⊂ Φ(F )tors, which is zero by [GA2], Lemma 4.8(c). Thus the given
invertible resolution of T induces an exact sequence of connected Ne´ron-
Raynaud models
1→ F ◦ → R ◦ → T ◦ → 1.
Since T has multiplicative reduction over S, T ◦ is an S-torus and the pre-
ceding sequence is an invertible resolution of T ◦. Thus the corollary yields
6This is the case if both Gtor and Z
(
G˜
)
are split by a metacyclic Galois cover of S.
See [GA4], Remark 3.3.
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an exact sequence
1→ F ◦(S)→ R ◦(S)→ T ◦(S)→ C(F ◦)→ C(R ◦)→ C(T ◦)→ 1.
The groups C(T ◦), C(R ◦) and C(F ◦) are the Ne´ron-Raynaud class group
of T,R and F over S, respectively (see Example 3.9(b)), and the last exact
sequence coincides with the exact sequence of [GA2], Theorem 6.1, for the
K-torus T .
4. The duality theorem
Let K and S be as in the Introduction. If T is an S-torus such that
X
1
S(K,T ) = 0, then C(T ) = H
1(Se´t, T ) (see Theorem 3.4) is known to
satisfy a duality theorem. Namely, there exists a perfect pairing of finite
groups
(4.1) C(T )×H 2c (Se´t, T
∗)→ Q/Z
induced by the natural pairing T × T ∗ → Gm,S, where Hc denotes coho-
mology with compact support. See [ADT], Theorem II.4.6(a), p.191. The
purpose of this Section is to extend the above duality theorem to an arbitrary
reductive group scheme G over S, with Cab(G) replacing C(T ). See Theo-
rem 4.12. In particular, Corollary 4.14 below extends (4.1) to an arbitrary
S-torus T (see Remark 4.15) .
For any prime number ℓ, abelian group B and positive integer m, we will
write Bℓm for the ℓ
m-torsion subgroup of B and B/ℓm for B/ℓmB. Set
B(ℓ) = ∪m≥1Bℓm , B
(ℓ) = lim
←−m
B/ℓm and TℓB = lim←−m
Bℓm. Further, set
Bℓ -div =
⋂
m ℓ
mB and B/ℓ−div = B/Bℓ -div.
If B is an abelian topological group and Q/Z is given the discrete topol-
ogy, let BD = Homconts.(B,Q/Z ) be the Pontryagin dual ofB. It is endowed
with the compact-open topology. If B is discrete and torsion (respectively,
profinite), then BD is profinite (respectively, discrete and torsion). A con-
tinuous pairing of topological abelian groups A × B → Q/Z is called non-
degenerate on the right (respectively, left ) if the induced homomorphism
B → AD (respectively, A → BD) is injective. It is called non-degenerate if
it is non-degenerate both on the right and on the left. The pairing is said
to be perfect if the homomorphisms B → AD and A → BD are (topologi-
cal) isomorphisms. It is not difficult to see that, for any prime p, a perfect
pairing A × B → Q/Z induces pairings A(p) × (B/p-div) → Q/Z and
(A/p-div)×B(p)→ Q/Z which are non-degenerate on the left and on the
right, respectively. Further, two pairings (−,−), (−,−) ′ : A×B → Q/Z are
said to be isomorphic if there exist automorphisms α of A and β of B such
that (a, b) ′ = (α(a), β(b)) for all a ∈ A and b ∈ B.
By [HS], beginning of §3, and [GA1], beginning of §5, for any cohomo-
logically bounded complex C of abelian sheaves on Sfl there exist hyperco-
homology groups with compact support H ic(Sfl, C ) which fit into an exact
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sequence7
. . .→H ic(Sfl, C )→H
i(Sfl, C )→
∏
v∈Σ
H i(Kv,fl, C )→H
i+1
c (Sfl, C )→ . . . ,
where Σ is the set of primes of K that do not correspond to a point of S.
Set
(4.2)
D i(S,C ) = Ker
[
H i(Sfl, C )→
∏
v∈Σ
Hi(Kv,fl, C )
]
= Im
[
H ic(Sfl, C )→ H
i(Sfl, C )
]
and
(4.3) X i(K,C ) = Ker
[
H i(Kfl, C )→
∏
all v
Hi(Kv,fl, C )
]
.
Now let T1 and T2 be arbitrary S-tori and let C = (T1 → T2), where T1
and T2 are placed in degrees −1 and 0, respectively. Let C
∗ = (T ∗2 → T
∗
1 )
be the dual complex of twisted-constant S-groups, where T ∗2 and T
∗
1 are
placed in degrees −1 and 0, respectively. Then the canonical morphism
C ⊗L C∗ → Gm[1] defined in [Dem1], beginning of §2, induces a pairing
8
(4.4) 〈−,−〉 : H i(Sfl, C )×H
2−i
c (Se´t, C
∗ )→ Q/Z
(cf. [HS], p.108). The next result extends [Dem1], Corollary 4.7, to the
function field case.
Proposition 4.1. The pairing (4.4) induces a perfect pairing of finite groups
D1(S,C )× D1(S,C∗)→ Q/Z .
Proof. The pairing is defined as follows: if a ∈ D1(S,C ) ⊂ H1(Sfl, C )
and a ′ ∈ D1(S,C∗ ) ⊂ H1(Se´t, C
∗ ) is the image of b ′ ∈ H1c(Se´t, C
∗ ), then
{a, a ′} = 〈a, b ′ 〉, where 〈−,−〉 is the pairing (4.4) for i = 1. We begin by
proving the finiteness statement. As noted in [Dem1], proof of Corollary 4.7,
the finiteness of D1(S,C ) follows from (a) the finiteness of Σ, (b) [ADT],
Corollary I.2.4, p.29, and Theorem II.4.6(a), p.191, and (c) the finiteness of
D2(S, T ), where T is an S-torus. To prove the latter, assume first that T
is flasque. Then D2(S, T ) injects into X2(K,T ) (see the proof of Theorem
3.13), which is finite by [Oes], Theorem 2.7(a), p.52. In the general case, let
1 → T → F → P → 1 be a flasque resolution of T , where F is flasque and
7Recall that, if v is a real prime, Hi(Kv,fl, C ) denotes the i-th modified (Tate) hyper-
cohomology group of C ×S SpecKv.
8Recall that, since the Cartier dual of an S-group scheme of multiplicative type is e´tale,
the groups H2−ic (Se´t, C
∗ ) and H2−ic (Sfl, C
∗ ) are canonically isomorphic.
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P is quasi-trivial (see [CTS2], (1.3.2), p.158). Then there exists an exact
commutative diagram
H1(Se´t, P ) // H
2(Se´t, T ) //

H 2(Se´t, F )

1 //
∏
v∈Σ
H 2(Kv, T ) //
∏
v∈Σ
H 2(Kv , F )
which yields an exact sequence H1(Se´t, P ) → D
2(S, T ) → D2(S,F ). Since
H1(Se´t, P ) andD
2(S,F ) are both finite,D2(S, T ) is finite as well. As regards
the finiteness of D1(S,C∗ ), it again follows from [ADT], Corollary I.2.4, p.29,
the finiteness of Σ and the finiteness of both D2(S, T ∗2 ) (see [HS], proof of
Proposition 3.7, p.111), and H1(S, T ∗1 ) (see [op.cit.], proof of Lemma 3.2(3),
p.108). Now, it was shown in [Dem1], Corollary 4.7, that the pairing
D1(S,C )(ℓ) × D1(S,C∗ )(ℓ)→ Q/Z ,
induced by the pairing of the statement, is perfect for any prime ℓ 6= p,
where p = charK in the function field case. The following lemmas will show
that it is perfect for ℓ = p as well.
Lemma 4.2. For every i ∈ Z and every m ≥ 1, there exists a perfect pairing
H i
(
Sfl, C ⊗
L Z /pm
)
×H1−i
c
(
Se´t, C
∗ ⊗L Z /pm
)
→ Q/Z ,
where the left-hand group is discrete and torsion and the right-hand group
is profinite.
Proof. The proof is similar to the proof of [Dem1], Proposition 4.2, us-
ing [ADT], Theorem III.8.2, p.290, in place of [op.cit.], Corollary II.3.3(b),
p.177. 
Now define9
H i
(
Sfl, C ⊗
L Qp/Zp
)
= lim
−→
m
H i
(
Sfl, C ⊗
L Z /pm
)
and
H i
(
Sfl, C ⊗
L Zp
)
= lim
←−
m
H i
(
Sfl, C ⊗
L Z /pm
)
.
Similar definitions apply with H ic in place of H
i. Then the previous lemma
yields perfect pairings
H i
(
Sfl, C ⊗
L Qp/Zp
)
×H1−ic
(
Se´t, C
∗ ⊗L Zp
)
→ Q/Z
and
H i
(
Sfl, C ⊗
L Zp
)
×H1−ic
(
Se´t, C
∗ ⊗L Qp/Zp
)
→ Q/Z .
9Note that the maps Z /pm → Z /pm+1 (respectively, Z /pm+1 → Z /pm) are induced
by multiplication by p on Z (respectively, the identity map of Z ).
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Consequently, there exist pairings
(4.5)
(
H i
(
Sfl, C ⊗
L Qp/Zp
)
/p−div
)
×H1−ic
(
Se´t, C
∗ ⊗L Zp
)
(p)→ Q/Z
and
(4.6) H i
(
Sfl, C ⊗
L Zp
)
(p)×
(
H1−ic
(
Se´t, C
∗ ⊗L Qp/Zp
)
/p−div
)
→ Q/Z
which are nondegenerate on the right and on the left, respectively.
Lemma 4.3. For any i, the pairing (4.4) induces a nondegenerate pairing(
H i(Sfl, C )(p)/p−div
)
×
(
H 2−i
c
(Se´t, C
∗ )(p)/p−div
)
→ Q/Z .
Proof. The proof that follows is very similar to the proof of [GA1], Theo-
rem 5.2, to which the reader is referred for further details. There exist an
injection H i(Sfl, C )(p)/p−div →֒ H
i(Sfl, C)
(p)(p) (see [op.cit.], Lemma 2.1)
and an exact sequence
1→ H i(Sfl, C)
(p) → H i
(
Sfl, C ⊗
L Zp
)
→ TpH
i+1(Sfl, C).
See [Dem1], p.16. Therefore H i(Sfl, C)
(p)(p) = H i
(
Sfl, C ⊗
L Zp
)
(p) and the
left-hand nondegeneracy of (4.6) yields an injection
H i(Sfl, C )(p)/p−div →֒
(
H1−ic
(
Sfl, C
∗ ⊗L Qp/Zp
)
/p−div
)D
.
On the other hand, there exists an exact sequence
H1−ic (Se´t, C
∗) ⊗Qp/Zp →֒ H
1−i
c
(
Se´t, C
∗ ⊗L Qp/Zp
)
։ H2−ic (Se´t, C
∗)(p)
which identifies H2−ic (Se´t, C
∗)(p)/p−div and H1−ic
(
Se´t, C
∗⊗LQp/Zp
)
/p−div.
Thus we obtain an injection
H i(Sfl, C )(p)/p−div →֒
(
H2−ic (Se´t, C
∗)(p)/p−div
)D
,
i.e., the pairing of the lemma is nondegenerate on the left. To see that it is
nondegenerate on the right, interchange in the above argument C and C∗, i
and 2− i, H and Hc and use the right-hand nondegeneracy of (4.5). 
Lemma 4.4. Assume that a ∈ D1(S,C ) ∩ pmH1(Sfl, C ) is orthogonal to
D1(S,C∗ )pm under the pairing of Proposition 4.1. Then a ∈ p
mD1(S,C ).
Proof. The proof is formally the same as the proof of [Dem1], Lemma 4.5,
using Lemma 4.2 above in place of [op.cit.], Proposition 4.2. 
We can now complete the proof of Proposition 4.1. By Lemmas 4.3 and
4.4, the pairing of Proposition 4.1 induces a nondegenerate (and therefore
perfect) pairing of finite groups D1(S,C )(p) × D1(S,C∗ )(p) → Q/Z . See
[Dem1], proof of Corollary 4.6, p.19. 
Let G be a reductive group scheme over S. Then there exist dual abelian
cohomology groups with compact support
H iab,c(S e´t, G
∗) = H ic
(
S e´t, Z(G)
∗ → Z
(
G˜
)∗)
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which fit into an exact sequence
(4.7)
. . .→H iab,c(S e´t, G
∗)→H iab(S e´t, G
∗)→
∏
v∈Σ
H iab(Kv, G
∗)→H i+1ab,c(S e´t, G
∗)→ . . . .
These groups have the following property (cf. [ADT], Proposition III.0.4(c),
p.221, and Remark III.0.6, p.223). Let V be a nonempty open subscheme
of S. Then there exists an exact sequence
(4.8) . . .→H iab,c(V e´t, G
∗)→H iab,c(S e´t, G
∗)→
∏
v∈S \V
H iab(Ov,e´t, G
∗)→ . . . .
Further, by applying an analog of [ADT], Proposition III.0.4(b), p.220, to
the short exact sequence of complexes
1→
(
Gtor∗→ 1
)
→
(
Z(G)∗ → Z
(
G˜
)∗)
→
(
Z(Gder)∗ → Z
(
G˜
)∗)
→ 1
and using the quasi-isomorphism
(
Z(Gder)∗ → Z
(
G˜
)∗)
≃
(
1 → µ∗
)
, we
conclude that the groups H iab,c(S e´t, G
∗) fit into an exact sequence
(4.9)
. . .→ H i−1c (S e´t, µ
∗ )→ H i+1c (S e´t, G
tor∗ )→ H iab,c(S e´t, G
∗)→ H ic (S e´t, µ
∗ )→ . . . .
Examples 4.5.
(a) If G is semisimple, i.e., Gtor = 0, then H iab,c(S e´t, G
∗) = H ic (S e´t, µ
∗).
(b) If G has trivial fundamental group, i.e., µ = 0, then H iab,c(S e´t, G
∗) =
H i+1c (S e´t, G
tor∗ ).
Now let 1 → F → H → G → 1 be a flasque resolution of G and let
C = (F → R), where R = H tor. By [GA4], Proposition 4.2, the given
resolution induces isomorphisms H iab(Sfl, G) ≃ H
i(Sfl, C ),H
i
ab(S e´t, G
∗ ) ≃
Hi(S e´t, C
∗) and H iab,c(S e´t, G
∗) ≃ H ic(S e´t, C
∗). In particular, via the above
isomorphisms, the pairing (4.4) defines a pairing
(4.10) H1ab(Sfl, G)×H
1
ab,c(S e´t, G
∗)→ Q/Z .
Clearly, a different choice of flasque resolution of G yields another such
pairing which is isomorphic to (4.10), i.e., (4.10) is independent up to iso-
morphism of the chosen flasque resolution of G.
Similarly, for every v ∈ Σ, there exist isomorphisms H iab(Kv,fl, G) ≃
Hi(Kv,fl, C ) andH
i
ab(Kv, G
∗ ) ≃ Hi(Kv, C
∗ ). Thus, ifD1ab(S,G) is the group
(3.9) and
(4.11)
D1ab(S,G
∗ ) = Ker
[
H 1ab(S e´t, G
∗)→
∏
v∈Σ
H1ab(Kv , G
∗)
]
= Im
[
H1ab,c(S e´t, G
∗)→ H1ab(S e´t, G
∗)
]
,
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then there exist isomorphisms D1ab(S,G) ≃ D
1(S,C ) and D1ab(S,G
∗ ) ≃
D1(S,C∗ ). Consequently, the following is an immediate corollary of Propo-
sition 4.1.
Proposition 4.6. The pairing (4.10) induces a perfect pairing of finite
groups
D1ab(S,G) ×D
1
ab(S,G
∗)→ Q/Z ,
where D1ab(S,G) and D
1
ab(S,G
∗) are the groups (3.9) and (4.11), respec-
tively. 
Examples 4.7.
(a) If G is semisimple, then the proposition yields a perfect pairing of
finite groups
D2(S, µ)×D1(S, µ∗)→ Q/Z .
See Example 2.1(a). Compare [ADT], Corollary II.3.4, p.178, and
[GA1], Lemma 4.7.
(b) If G has trivial fundamental group, then the proposition yields a
perfect pairing of finite groups
D1(S,Gtor)×D2(S,Gtor∗)→ Q/Z .
See Example 2.1(b). Compare [ADT], Corollary II.4.7, p.192, and
[GA1], Theorem 5.7 (for M = (1→ Gtor)).
Lemma 4.8. Let Y be an S-group scheme which is e´tale-locally isomorphic
to Zr for some r ≥ 1. Then the canonical map H2(Se´t, Y ) → H
2(K,Y ) is
injective.
Proof. Let KS be the maximal subfield of the separable closure of K which
is unramified at all primes of K which correspond to a (closed) point of S.
Further, let S ′ be the normalization of S in KS and write ΓS = Gal(KS/K).
Then Y ×S S
′ is constant and the proof of [ADT], Lemma II.2.10, p.172,
shows that H2(S ′e´t, Y ) is a quotient of H
1(S ′e´t, (Y × Q)/Y ). Since the
latter group is zero by [op.cit.], proof of Proposition II.2.9, p.171, so is
H2(S ′e´t, Y ). Now, since H
1(S ′e´t, Y ) is also zero [loc.cit.], the exact sequence
of terms of low degree belonging to the Hochschild-Serre spectral sequence
Hp(ΓS ,H
q(S ′e´t, Y )) =⇒ H
p+q(Se´t, Y ) yields an isomorphism H
2(ΓS , Y ) ≃
H2(Se´t, Y ). On the other hand, the canonical map H
2(ΓS , Y )→ H
2(K,Y )
is injective (see [HS], p.112, lines 10-15), and the lemma follows. 
Now define
(4.12) X1ab(K,G
∗ ) = Ker
[
H 1ab(K,G
∗ )→
∏
all v
H1ab(Kv, G
∗ )
]
.
Proposition 4.9. The pairing of Proposition 4.6 induces a perfect pairing
of finite groups
X
1
ab(K,G) ×X
1
ab(K,G
∗)→ Q/Z ,
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where X1ab(K,G) and X
1
ab(K,G
∗) are the groups (3.1) and (4.12), respec-
tively.
Proof. We will show that there exist a nonempty open subset W of S
and canonical isomorphisms D1ab(W,G) ≃ X
1
ab(K,G) and D
1
ab(W,G
∗) ≃
X
1
ab(K,G
∗). The proposition will then follow immediately from Proposi-
tion 4.6. Let 1 → F → H → G → 1 be a flasque resolution of G and set
R = H tor. Then, for any nonempty open subset U of S, the given resolution
induces isomorphisms D1ab(U,G) ≃ D
1(U,C ) and D1ab(U,G
∗) ≃ D1(U,C∗ ),
where C = (F → R). Similarly, there exist isomorphisms X1ab(K,G) ≃
X
1(K,C) and X1ab(K,G
∗) ≃ X1(K,C∗), where X1(K,C) (respectively,
X
1(K,C∗)) is the group (4.3). Thus, it suffices to find a set W as above
and isomorphisms D1(W,C ) ≃ X1(K,C) and D1(W,C∗ ) ≃ X1(K,C∗).
There exists a nonempty open subset U of S such that H1(Ve´t, R) = 0
for every open subset V of U (indeed, R is a finite product of tori of the
form RS ′/S(Gm,S′) where each S
′ is finite and e´tale over S and contains a
nonempty open subscheme with trivial Picard group). It follows that the
canonical map H1(Vfl, C )→ H
2(Ve´t, F ) is injective (cf. [GA4], Proposition
4.2). Thus there exists an injection D1(V,C ) →֒ D2(V, F ). Further, the
canonical map D2(V, F )→ X2(K,F ) is injective (see the proof of Theorem
3.12) and X1(K,C)→ X2(K,F ) is an isomorphism (cf. Proposition 3.1).
Now the commutative diagram
D1(V,C )

  // D2(V, F )
 _

X
1(K,C)
≃
//X2(K,F )
shows that the canonical map D1(V,C )→ X1(K,C) is injective. This map
is shown to be surjective in [Dem1], proof of Theorem 5.7, p.22, lines 11-
12. Thus, for every V ⊂ U , the canonical map D1(V,C ) → X1(K,C) is,
in fact, an isomorphism. On the other hand, Lemma 4.8 shows that the
map H2(Se´t, R
∗ )→ H2(K,R∗ ) is injective and [GA1], proof of Lemma 6.2,
shows that the canonical map H1(Se´t, F
∗ )→ H1(K,F ∗ ) is an isomorphism.
In particular, H1(Se´t, R
∗ ) ≃ H1(K,R∗ ) = 0. Thus there exists an exact
commutative diagram
1 // H1(Se´t, F
∗ )
≃

// H1(Se´t, C
∗)

// H2(Se´t, R
∗ )
 _

1 // H1(K,F ∗ ) // H1(K,C∗) // H2(K,R∗ )
(cf. [GA4], Proposition 4.2), which shows that there exists an injection
H1(Se´t, C
∗) →֒ H1(K,C∗). In particular, D1(V,C∗) may be identified with
a subgroup of H1(K,C∗). Now the same arguments used in [Dem1], proofs of
Lemma 5.6 and Theorem 5.7, show that there exist a nonempty open subset
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U∗ of S and isomorphisms D1(V,C∗)
∼
→ X1(K,C∗) for every nonempty
open subset V of U∗. Further, these isomorphisms are compatible with
respect to inclusions V ′ ⊂ V ⊂ U∗, in the sense that the diagram
(4.13) D1(V ′, C∗)

∼
//X1(K,C∗),
D1(V,C∗)
∼
77♦♦♦♦♦♦♦♦♦♦♦
(whose vertical map is induced by the canonical mapH1c(V
′
e´t, C
∗ )→ H1c(Ve´t, C
∗ ))
commutes. We conclude that, ifW = U ∩U∗, then there exist isomorphisms
D1(V,C) ≃ X1(K,C) and D1(V,C∗) ≃ X1(K,C∗) for every nonempty
open subset V of W , as desired. 
Examples 4.10.
(a) If G is semisimple, the pairing of the proposition is a pairing
X
2(K,µ) ×X1(K,µ∗)→ Q/Z
which is isomorphic to the natural one, i.e., that induced by the
pairing µ× µ∗ → Gm,S (the so-called Poitou-Tate pairing of [ADT],
Theorem I.4.10(a), p.57, and [GA1], Theorem 1.1). See Example
2.1(a).
(b) If G has trivial fundamental group, then the pairing of the proposi-
tion is isomorphic to the natural pairing
X
1(K,Gtor)×X2(K,Gtor∗)→ Q/Z
for the K-torus Gtor×S SpecK. See Example 2.1(b).
As seen in the proof of Proposition 4.9, the canonical map H1(Se´t, C
∗)→
H1(K,C∗) is injective. Thus, by [GA4], Proposition 4.2, the canonical map
H1ab(Se´t, G
∗) →֒ H1ab(K,G
∗) is injective as well. Its image
(4.14) H1ab,nr(K,G
∗) = Im
[
H1ab(Se´t, G
∗)→ H1ab(K,G
∗)
]
is called the subgroup of (S-)unramified classes of H1ab(K,G
∗). The following
statement, which will be used in the next Section, is immediate from (4.11).
Proposition 4.11. The canonical map H1ab(Se´t, G
∗)→ H1ab(K,G
∗) induces
an isomorphism
D1ab(S,G
∗) ≃ H1ab,nr(K,G
∗) ∩Ker
[
H1ab(K,G
∗)→
∏
v∈Σ
H1ab(Kv, G
∗)
]
. 
We now recall the exact sequence (3.8):
1→ Cab(G)→ D
1
ab(S,G)→ X
1
ab(K,G) → 1.
By Propositions 4.6 and 4.9, the dual of the preceding exact sequence of
finite abelian groups is an exact sequence
1→ X1ab(K,G
∗)→ D1ab(S,G
∗)→ Cab(G)
D → 1.
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Thus the following holds.
Theorem 4.12. The pairings of Propositions 4.6 and 4.9 induce a perfect
pairing of finite groups
Cab(G) ×D
1
ab(S,G
∗)/X1ab(K,G
∗)→ Q/Z .
In other words, the exact annihilator of Cab(G) ⊂ D
1
ab(S,G) under the
pairing of Proposition 4.6 is the group X1ab(K,G
∗) ⊂ D1ab(S,G
∗). 
By Examples 4.7 and 4.10, the following statements are immediate con-
sequences of the theorem.
Corollary 4.13. Let G be a semisimple S-group scheme with fundamental
group µ. Then there exists a perfect pairing of finite groups
Cab(G)×D
1(S, µ∗)/X1(K,µ∗)→ Q/Z . 
Corollary 4.14. Let T be an S-torus. Then there exists a perfect pairing
of finite groups
C(T )×D2(S, T ∗)/X2(K,T ∗)→ Q/Z . 
Remark 4.15. If T is an S-torus such that X1S(K,T ) = 0, then X
1(K,T ) ⊂
X
1
S(K,T ) is zero as well, whence X
2(K,T ∗) ≃ X1(K,T )D = 0. On
the other hand, H1(Se´t, T ) →
∏
v∈ΣH
1(Kv , T ) is the zero map (see dia-
gram (3.5)), whence its dual
∏
v∈ΣH
1(Kv , T
∗) → H2c (Se´t, T
∗) is also zero.
Thus the map H2c (Se´t, T
∗) → H2(Se´t, T
∗) is injective and consequently
D2(S, T ∗) ≃ H2c (Se´t, T
∗). Therefore the corollary yields a perfect pairing
C(T )×H2c (Se´t, T
∗)→ Q/Z which is isomorphic to the pairing (4.1).
Let
(4.15) δS : H
1
ab,c(Se´t, G
∗)→
∏
v∈S0
H1ab(Ov,e´t, G
∗)
be the canonical map (see (4.8)). Then we have the following alternative
description of D1ab(S,G
∗)/X1ab(K,G
∗) ≃ Cab(G)
D .
Proposition 4.16. There exists a canonical isomorphism of finite groups
D1ab(S,G
∗)/X1ab(K,G
∗) ≃ ImδS ,
where δS is the map (4.15).
Proof. Recall the setW introduced in the proof of Proposition 4.9. For every
nonempty open subset V of W , there exist isomorphisms D1ab(V,G
∗)
∼
→
X
1
ab(K,G
∗) which are compatible with respect to inclusions V ′ ⊂ V ⊂ W ,
i.e., the following diagram commutes
(4.16) D1ab(V
′, G∗)

∼
//X1ab(K,G
∗).
D1ab(V,G
∗)
∼
77♥♥♥♥♥♥♥♥♥♥♥♥
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Here the vertical arrow is induced by H1ab,c(V
′
e´t, G
∗) → H1ab,c(Ve´t, G
∗) (see
(4.13)). On the other hand, for each V the composition D1ab(V,G
∗)
∼
→
X
1
ab(K,G
∗) →֒ D1ab(S,G
∗) is induced by the canonical mapH1ab,c(Ve´t, G
∗)→
H1ab,c(Se´t, G
∗), and these maps fit into a commutative diagram
(4.17) D1ab(V
′, G∗)

  // D1ab(S,G
∗).
D1ab(V,G
∗)
*


77♦♦♦♦♦♦♦♦♦♦♦
We will now compute the cokernel of the map D1ab(V,G
∗) →֒ D1ab(S,G
∗) for
any nonempty open subset V ofW . SinceD1ab(S,G
∗) = Im [H1ab,c(Se´t, G
∗)→
H1ab(Se´t, G
∗)] by (4.11), (4.7) induces an isomorphism
(4.18) Coker
[ ∏
v∈Σ
H0ab(Kv , G
∗)
βS−→ H1ab,c(Se´t, G
∗)
]
≃ D1ab(S,G
∗),
and similarly over V . Now consider the pairs of maps
(4.19)
∏
v/∈V
H0ab(Kv , G
∗)
α
V,S
։
∏
v∈Σ
H0ab(Kv, G
∗)
β
S−→ H1ab,c(Se´t, G
∗)
and
(4.20)
∏
v/∈V
H0ab(Kv , G
∗)
β
V−→ H1ab,c(Ve´t, G
∗)
γ
V,S
−→ H1ab,c(Se´t, G
∗),
which satisfy βS ◦ αV,S = γV,S ◦ βV . Then (4.19) and (4.18) show that
Coker (γV,S ◦ βV ) = Coker (βS ◦ αV,S ) = Coker βS ≃ D
1
ab(S,G
∗).
Now (4.18) over V , the kernel-cokernel exact sequence of the pair of maps
(4.20) (see [ADT], Proposition I.0.24, p.16), and the injectivity ofD1ab(V,G
∗)→
D1ab(S,G
∗) yield an exact sequence
(4.21) 1→ D1ab(V,G
∗)→ D1ab(S,G
∗)→ Coker γV,S → 1.
Finally, we partially order the family of nonempty open subsets V of S by
setting V ≤ V ′ ⇔ V ′ ⊂ V . Then, by the commutativity of (4.17), (4.21) is
an exact sequence of inverse systems of finite abelian groups. By (4.16),
(4.22) lim
←−
V⊂S
D1ab(V,G
∗) ≃ X1ab(K,G
∗).
On the other hand, by (4.8), there exists a canonical isomorphism
Coker γ
V,S
≃ Im
H1ab,c(Se´t, G∗) δV,S−→ ∏
v∈S \V
H1ab(Ov,e´t, G
∗)
 ,
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where the map δ
V,S
fits into a commutative diagram
H1ab,c(Se´t, G
∗)
δ
V,S
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
δ
S
//
∏
v∈S0
H1ab(Ov,e´t, G
∗)
∏
v∈S \V
H1ab(Ov,e´t, G
∗).
Consequently
(4.23) lim
←−
V⊂S
Coker γ
V,S
≃ lim
←−
V⊂S
δ
V,S
= Im δS .
Thus, by (4.22) and (4.23), the inverse limit of (4.21) is an exact sequence10
1→ X1ab(K,G
∗)→ D1ab(S,G
∗)→ Im δS → 1,
which completes the proof. 
The preceding proposition has interesting consequences, as we will now
see.
Recall the pairing (4.10):
H1ab(Sfl, G) ×H
1
ab,c(Se´t, G
∗)→ Q/Z .
When G is semisimple with fundamental group µ, the above pairing is iso-
morphic to the canonical pairing
H2(Sfl, µ)×H
1
c (Se´t, µ
∗)→ Q/Z
of [ADT], III, Corollary 3.2, p.253, and Theorem 8.2, p.290 (see Examples
2.1(a) and 4.5(a)). The latter is a perfect pairing between the discrete torsion
group H2(Sfl, µ) and the profinite group H
1
c (Se´t, µ
∗). On the other hand, by
Examples 2.1(b) and 4.5(b), when G = T is a torus, (4.10) is isomorphic to
the pairing
H1(Se´t, T )×H
2
c (Se´t, T
∗)→ Q/Z
of [ADT], Theorem II.4.6(a), p.191, which is also perfect (both groups are
finite by [ADT], Theorem II.4.6(a), p.191). Thus (4.10) is perfect in two
important particular cases11. Now, when (4.10) is perfect, the dual of (3.4)
is an exact sequence
(4.24) 1→ X1ab,S (K,G)
D → H1ab,c(Se´t, G
∗)→ Cab(G)
D → 1.
10Recall that the inverse limit functor is exact on the category of finite abelian groups
by [Jen], Proposition 2.3, p.14.
11However, (4.10) is not perfect in general. More precisely, its perfectness does not
follow from that of the two particular cases just mentioned (via the standard five-lemma
argument) because the Pontryagin dual of H3c (Se´t, T
∗) is not H0(Se´t, T ), but rather its
completion relative to the topology of sugbroups of finite index. See [ADT], Theorem
II.4.6(a), p.191.
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On the other hand, by Theorem 4.12 and Proposition 4.16, there exists a
canonical isomorphism Cab(G)
D ≃ ImδS . Set
(4.25) X1ab,c(S,G
∗) = Ker
H1ab,c(Se´t, G∗) δS−→ ∏
v∈S0
H1ab(Ov,e´t, G
∗)
 .
Then (4.24) and the isomorphism Cab(G)
D ≃ ImδS yield the following state-
ment.
Proposition 4.17. Assume that the pairing (4.10) is perfect. Then it in-
duces a perfect pairing
X
1
ab,S (K,G) ×X
1
ab,c(S,G
∗)→ Q/Z ,
where the left-hand group is the discrete torsion group (3.3) and the right-
hand group is the profinite group (4.25). 
When G is semisimple with fundamental group µ, Example 3.9(a) shows
that X1ab,S (K,G) is isomorphic to
(4.26) X2S(K,µ) = Ker
H2(Kfl, µ)→ ∏
v∈S0
H2(Kv,fl, µ)
 .
On the other hand, since the map
H1ab(Ov,e´t, G
∗) = H1(Ov,e´t, µ
∗)→ H1(Kv , µ
∗)
is injective for every v ∈ S0 by [ADT], III, Lemma 1.1(a), p.237, and p.280,
we conclude that X1ab,c(S,G
∗) is isomorphic to
(4.27) X1c(S, µ
∗) = Ker
H1c (Se´t, µ∗)→ ∏
v∈S0
H1(Kv, µ
∗)
 .
Thus the following is an immediate consequence of the proposition.
Corollary 4.18. Let G be a semisimple S-group scheme with fundamental
group µ. Then the natural pairing µ× µ∗ → Gm,S induces a perfect pairing
X
2
S(K,µ) ×X
1
c(S, µ
∗)→ Q/Z ,
where the left-hand group is the discrete torsion group (4.26) and the right-
hand group is the profinite group (4.27). 
When G = T is an S-torus, we have X1ab,S (K,G) = X
1
S (K,T ) by
Example 3.9(b). Note that, since both X1(K,T ) and
∏
v∈ΣH
1(Kv , T ) are
finite, X1S (K,T ) is finite as well. On the other hand, by [Dem1], Lemma 3.2,
p.1112, for every v ∈ S0 the canonical mapH
1
ab(Ov,e´t, G
∗) = H2(Ov,e´t, T
∗)→
12The proof given in [op.cit.] is also valid in the function field case.
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H2(Kv, T
∗) is injective. Thus, by Examples 2.1(b) and 4.5(b), we conclude
that X1ab,c(S, T
∗) equals
X
2
c(S, T
∗) = Ker
H2c (Se´t, T ∗)→ ∏
v∈S0
H2(Kv , T
∗)
 .
We have already noted that H2c (Se´t, T
∗) is finite, so X2c(S, T
∗) is finite as
well. Thus the following statement is also an immediate consequence of
Proposition 4.17.
Corollary 4.19. The natural pairing T × T ∗ → Gm,S induces a perfect
pairing of finite groups
X
1
S (K,T )×X
2
c(S, T
∗)→ Q/Z . 
Remark 4.20. The dualities of the above two corollaries should not be con-
fused with those contained in [ADT], Theorem I.4.20(a), p.65. For example,
the groups denoted XiS (K,M ) in [op.cit.], p.56, are not the same as the
groups so denoted here when M = µ or µ∗.
5. Brauer groups and class groups
Let K and S be as in the Introduction and let G be a reductive group
scheme over S. In this Section we use results from [BvH] to relate the dual
of Cab(G) to the algebraic Brauer group of GK = G×S SpecK.
If X is any smooth and geometrically integral K-variety, we will write X
for X ×SpecK SpecK.
There exists a canonical complex of abelian groups BrK → BrGK →
Br GK and we define
BraGK = Ker
[
BrGK → Br GK
]
/Im[BrK → BrGK ].
Further, set
(5.1) B(GK ) = Ker
[
BraGK →
∏
all v
BraGKv
]
.
For any smooth and geometrically integral K-variety X, let UPic
(
X
)
be
the complex of Γ -modules defined in [BvH], §2.1. We note that many of the
proofs in [BvH] are in fact independent of the characteristic of K, provided
attention is restricted to reductive groups in [op.cit.], §§3 and 5, and certain
references to the literature in [loc.cit.] are replaced by references to [San].
Those which are not are either irrelevant to the matters discussed in this
Section, or else there exist published alternative characteristic-free proofs of
these results (see [BvH], Remarks 2.14 and 4.15).
There exist a canonical divisor map K [X]∗/K∗ → Div
(
X
)
and a canon-
ical quasi-isomorphism
(5.2) UPic
(
X
)
[1] ≃
(
K [X]∗/K∗ → Div
(
X
))
,
ABELIAN CLASS GROUPS OF REDUCTIVE GROUP SCHEMES 31
where K[X]∗/K∗ is placed in degree −1 and Div
(
X
)
in degree 0 (see [BvH],
Corollary 2.5 and Remark 2.6). Now let 1→ F → H → G→ 1 be a flasque
resolution of G. Then its generic fiber 1 → FK → HK → GK → 1 is
a flasque resolution of GK (see [CTS2], Proposition 1.4, p.158), and the
following holds.
Proposition 5.1. Assume that GK admits a smooth K-compactification.
Then the flasque resolution 1 → FK → HK → GK → 1 defines a quasi-
isomorphism of complexes of Γ -modules
UPic
(
GK
)
[1] ≃ (R∗K → F
∗
K ) ,
where RK = H
tor
K .
Proof. By (5.2), UPic
(
GK
)
[1] is quasi-isomorphic to
(
K [G]∗/K∗ → Div
(
GK
))
.
Now let X be a smooth K-compactification of GK . Then, by [CT], Proposi-
tion B.2(iii) and Remark B.2.1(2), pp.130-131, there exist quasi-isomorphisms(
K [G]∗/K∗ → Div
(
GK
))
≃
(
DivX \GK
(
X
)
→ Pic
(
X
))
≃ (R∗K → F
∗
K ).
This completes the proof. 
Corollary 5.2. Under the hypotheses of the above proposition, there exists
an isomorphism BraGK ≃ H
1
ab(K,G
∗).
Proof. There exists an isomorphism BraGK ≃ H
1
(
K,UPic
(
GK
)
[1]
)
by [BvH],
Corollary 2.20(ii). On the other hand, the proposition and [GA4], Proposi-
tion 4.2, yield isomorphisms
H1
(
K,UPic
(
GK
)
[1]
)
≃ H1(K,R∗ → F ∗ ) ≃ H 1ab(K,G
∗),
whence the result follows. 
Similarly, for each prime v of K, there exist isomorphisms BraGKv ≃
H1ab(Kv, G
∗) which are compatible with the isomorphism of the preceding
corollary. Thus the chosen flasque resolution of G induces an isomorphism
(5.3) B(GK ) ≃ X
1
ab(K,G
∗ ).
Therefore the following statement is immediate from Proposition 4.9.
Proposition 5.3. Assume that GK admits a smooth K-compactification.
Then there exists a perfect pairing of finite groups
X
1
ab(K,G) × B(GK )→ Q/Z ,
where X1ab(K,G) and B(GK ) are the groups (3.1) and (5.1), respectively.

Remark 5.4. We stress the fact that the definition of the above pairing
depends on the choice of a flasque resolution of G (note, however, that a
different choice of flasque resolution leads to an isomorphic pairing). Now,
the proposition and [GA3], Corollary 5.10, establish the existence of a pair-
ing X1(K,G) × B(GK ) → Q/Z which induces a bijection X
1(K,G) ≃
B(GK )
D over any global field K. The existence of such a bijection in the
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number field case was established in [San], Theorem 8.5, where the underly-
ing pairing is the Brauer-Manin pairing. This raises the question of clarify-
ing the relationship of the pairing of the proposition with the Brauer-Manin
pairing, which we hope to address in a future publication.
Now recall the subgroup H1ab,nr(K,G
∗) of H1ab(K,G
∗) given by (4.14)
and let Bra,nr (GK ) denote the subgroup of BraGK which corresponds to
H1ab,nr(K,G
∗) under the isomorphism of Corollary 5.2. Set
(5.4) BrSa,nr (GK ) = Bra,nr (GK ) ∩Ker
[
BraGK →
∏
v∈Σ
BraGKv
]
⊂ BraGK .
Then, by Corollary 5.2 and Proposition 4.11, there exist isomorphisms
BrSa,nr (GK ) ≃ H
1
ab,nr(K,G
∗) ∩Ker
[
H1ab(K,G
∗)→
∏
v∈Σ
H1ab(Kv, G
∗)
]
≃ D1ab(S,G
∗).
Thus, using (5.3), the following statement is an immediate consequence of
Theorem 4.12.
Theorem 5.5. Assume that GK admits a smooth K-compactification. Then
there exists a perfect pairing of finite groups
Cab(G) × Br
S
a,nr (GK )/B(GK )→ Q/Z ,
where the groups BrSa,nr (GK ) and B(GK ) are given by (5.4) and (5.1), re-
spectively. 
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